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Dear Bonneville Engineering staff,

Upon being hired to study the problem of total construction cost for
the new power line additions, | have came up with some solutions that
this report will cover in great detail for you.

The first thing | was asked to do is determine the minimum cost.
Before even coming up with an equation that models the cost, we first
need to understand the relationship between distances. | direct your

attention to Picture 1.
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In this picture we can see the physical world relationships that we
are trying to model. Bonneville is located at the top of the picture, and
Reynolds on the lower right hand corner. They are separated by roughly
600 meters of the Columbia river. The distance that we are looking to

obtain is the red line, r.



We already know from the budget reports df_] 987 ffthat to lay power
lines underwater cost 4 times as much as laying th\e\a"ﬁﬁ“eh land, mostly
because of the danger and extra work involved. Since we know this
relationship, and we know that to lay 1 meter of power line on the ground
cost $20, we can get a rough equation that gives us the total cost for
underwater line: H20$= 80 * +/xA2+600A2.

This equation is based on the Pythagorean Theorem, which states
that in a right triangle, (which is the angle we are assuming that
Bonneville makes with point B in Picture 1), xA2+yA2=rA2, where x and y are
lengths of the 2 sides, and r is the length of the hypotenuse. So solving for
r would give us r= /xA2+yA2. We don’t know x yet, but we do know that y is
600 meters. o€

co?
So now that we have our equation for the underwater line, we need

to find our equation for(’ogfc;imd line. This one is much easier. Qur price per
meter of ground line is $20, so we get an equation that looks like this:
Land$= 20(4000-x). This is because 4000-x represents the distance from
point B that line r touches the other side of the river (at point C), minus
an initial distance of 4000 meters from point B to Reynolds (4000-x is
nothing more than the distance fronj point C to Reynolds). | urge your
attention to Picture 1 again. ok

Now gentlemen, to get our equation for total cost, we simply just
add both equations (H20$ + Land$) together and get: 80 * \/xA2+600A2 +
20(4000-x)=C, and this is our total cost for the job.

You may ask, “But how do we know what x is?”, but | assure you,
this will be answered shortly, as this is the most important part of the

problem.



To find out what distance x needs to be to obtain the minimum cost,
we need to do some math. The derivative of a function can tell us many
things about the original function. Specifically what we are looking for is

the x value which gives us the lowest y value, the minimum.

Below are the steps taken, with notes, to find the derivative of our cost

function.

oC= 80+/(xA2+600/2)+20(4000-x), 0<x<4000
This is our cost function. Note that x has to be greater or equal to 0. This

is because there is no such thing as a negative distance.

oC’'= [d/dx 80/(xA2+6004A2)] + d/dx 20(4000-x)

Here is how we set up our derivative.
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*[80 * d/dx (xA2+600A2)A(1/2) + (xA2+600A2)A(1/2) * d/dx 80] + [d/dx \Li\\g%\&
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As this step shows, there are really several stezﬁwolved. Here we use
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the Product rule to determine the derivative of 80 *
could also use a derivative rule called the Chain rule, but | prefer using

the Product rule; either way, the result is the same.

*[80 * x/(xA2+360000)A(1/2)] + [(360000+xA2)A(1/2) * 01 + [d/dx 80000-
20x]

Here we start to simplify things on the left side, but we still need to
determine the derivative of 80000-20x.



¢[80x/(xA2+360000)A(1/2) + 0] + (-20)
Now we have both derivatives, and we need to simplify things by adding

both of them together to obtain a final equation for our derivative.

o(C’= 80x/(xA2+360000)A(1/2) -20

And this is the equation of our derivative.

To find the minimum path to take from Bonneville we need to set C,
our derivative, to zero (which is the lowest y value possible, since we are
only concerned with positive distances), and solve for x. Where the line of
the derivative crosses the x axis on the graph, that is where the function

equals 0, as shown in picture 2. \
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Using algebraic operations, we obtain:

*80x/(XxA2+360000)A(1/2) -20= 0
80x/(xA2+360000)A(1/2)= 20
#80x= 20 * (xA2+360000)A(1/2)
#80x/20= (xA2+360000)A(1/2)
o4x= (xA2+360000)A(1/2)

* 16xA2= xA2+360000

*15xA2= 360000

exA2= 2400

ox= 154.919 meters -



| direct your attention to Picture 2 for a graphical representation of how x
was determined.
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This work tells us that heading away from Bonneville, we need to
find a point C that is 154.919 meters away from point B to minimize our
total cost. So this means that we have calculated our x value! Now, using

the Pythagorean Theorem to get the length of r, we get:

600A2+154.919A2=rA2
r=619.677 meters—

Now we can fill in some more information on our graphical

representation, to start forming a complete picture. (See Picture 3).
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To calculate our total cost, we can now simply substitute in our values:
($80%619.677)+(20%(4000-154.919))
which gives us a total cost of $126474.98

However, since the amount that underwater line costs over the years
varies with trends, | was asked to caiculate this formula in $p as well.
Since the cost for land line remains the same, we only have to adjust the
cost equation where 80 (the cost of underwater line) was. Because the
price of underwater line may vary over time, it isn’t a fixed value. So
instead of using $80 for the price of underwater line, we will use the

variable p.

C= pJ(xA2+600A2)+20(4000-x), 0=x<4000

We still have the same cost formula, except notice how the price of the




underwater line is replaced with the variable p.
oC’= [d/dx p+/(600/2+xA2)] + [d/dx 20(4000-x)]
To find the minimum cost, we first need to find the derivative of our new

cost function, just like before where we did this when p=$80.

e[p * d/dx (360000+xA2)A(1/2) + (360000+xA2)A(1/2) * d/dx p] + [d/dx
20(4000-x)]

o[p * x/(xA2+360000)A(1/2)] + [(360000+xA2)A(1/2) * 0] + [d/dx 80000-20x]
o[px/(xA2+360000)A(1/2) + 0] + (-20)
epx/(xA2+360000)A(1/2) - 20

To find the minimum path we need to set C’ to zero and solve for x.
Our computed value of X will tell us how many meters away from point B
that r will need to extend to.
e px/(xA2+360000)A(1/2)-20= 0
opx/(xA2+360000)A(1/2)= 20

*(xA2+360000)A(1/2)= 20/px

ox(xA2+360000)A(1/2)= 20/p



o [x(xA2+360000)A(1/2)]72= [20/ plr2
opA2*XA2= 400xA2+12000A2
o(pA2-400)*xA2= 1200042
exA2=12000/2/(p"2-400)
ox= 12000* 1/(pA2-400)7(1/2)
/W] A

ex= 12000/(pA2-400)A(1/2) meters, p>$20 .
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Now we substitute our x back into the Pythagorean Theorem equation
to obtain our r value, which is necessary in computing the total minimum
cost. Our r value will tell us how long r is to obtain a minimum cost.
¢[12000/(pA2-400)A(1/2)]1724+600/2= rA2
*144000000/(pr2-400)+ 360000= rA2
*[144000000/(pA2-400)+ 360000= rA2]A(1/2)
¢600*[1/(pA2-400)17(1/2) *p=r
e600p/(pr2-400)A(1/2) meters=r

And this is our equation that gives us the length of r, which we will use to

obtain a minimum cost for the job.



With this new information, we can now substitute x back into our
cost function to obtain the minimum cost. Recall from above that our cost
function is C= p/(xA2+6004A2)+20(4000-x).

o~/ (xA2+600A2)+20(4000-x)= C
*600p/(pr2-400)A(1/2)*p-240000/(pA2-400)A(1/2)+80000= C
*600pA2/(pA2-400)A(1/2)-240000/(pAr2-400)A(1/2)+80000= C
*[600(pA2-400)A(1/2)]1+80000= C

Where C is the total minimum cost for the job in dollars.

We can check this formula as welll For example, if we substitute 80
for p, which would resemble the current situation of underwater line
prices, we get: Jr Sin) A ‘ L\ch. /K
*[600(pA2-400)A(1/2)]+80000= C 900 /
*[600(80A2-400)A(1/2)1+80000= C
¢[(6000)A(1/2)*6001+80000= C
o~$126475 -~

Which is what we obtained in our exploration of the minimum cost if
underwater line is 4 times as expensive as the $20 land line. This proves

that this function works.



in doing this project there are several major assumptions that
we are making.

1. We are assuming that the triangle made from going to Bonneville, then
point B, then point C is a right angle {90 degrees). It is because of this
condition that we can use the Pythagorean Theorem.

2. We are also assuming that all given distances are correct. For example,
it is very difficult to measure the width of a river exactly, mainly
because the width of a river isn’t uniform. Also the distance from
Bonneville to Reynolds is difficult to measure precisely.

3. Lastly, we are also assuming that underwater line will always be more
expensive than ground line ($20), which intuitively makes sense. For
example, if underwater line were cheaper than 20$, then our second cost C
function would be undefined, since we can’t take the square root of a __
negative number and obtain a real (non complex number) answer. @? ourse,
if this situation ever arose we could simply substitute these values into
our first cost function:

p/ (xA2+60042)+q(4000-x), 0<x<4000

Where p and g represent the costs of underwater and ground line.



Justin Smith/Calculus 251\Math Project/York

| believe that | have determined the best path to take to obtain the

minimum cost for the job as requested. | leave the actual construction in
the capable hands of you Bonneville engineers.

| hope you are pleased with my work, and as usual, if you have any
questions, or are seeking future employment, feel free to contact me at
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the usual address. [jw(@ l’“‘"”@‘ U

Best wishes,

Justin Swmithh
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